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We address the impossibility of achieving exact time reversal in a system with many degrees of
freedom. This is a particular example of the difficult task of “aiming” an initial classical state so
as to become a specific final state. We also comment on the classical-to-quantum transition in any
non-separable closed system of n ≥ 2 degrees of freedom. Even if the system is initially in a well
defined WKB, semi-classical state, quantum evolution and, in particular, multiple reflections at
classical turning points make it completely quantum mechanical with each particle smeared almost
uniformly over all the configuration space. The argument, which is presented in the context of
n hard discs, is quite general. Finally, we briefly address more complex quantum systems with
many degrees of freedom and ask when can they provide an appropriate environment to the above
simpler systems so that quantum spreading is avoided by continuously leaving “imprints” in the
environment. We also discuss the possible connections with the pointer systems that are needed in
the quantum-to-classical “collapse” transitions.
PACS numbers:
I. INTRODUCTION
The “collapse” of a wave function into one of the
eigenstates |ai〉 of the operator Aˆ after a “hard” von
Neumann [1] measurement, is an outstanding puzzle in
the interpretation of quantum mechanics (where Aˆ|ai〉 =
ai|ai〉). The von Neumann measurement correlates com-
ponents, |ai〉, of the initial wave function, |Ψ〉, of the
measured system with specific states |Φi〉 of the measur-
ing device or “pointer.” von Neumann taught us that
in order to model the measurement of an observable
Aˆ, we use an interaction Hamiltonian Hint of the form
Hint = −λ(t)QˆmdAˆ where Qˆmd is an observable of the
measuring device (e.g. the position of the pointer) and
λ(t) is a coupling constant which determines the duration
and strength of the measurement. For a “hard” or impul-
sive measurement we need the coupling to be strong and
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short and thus take λ(t) 6= 0 only for t ∈ (t0 − ε, t0 + ε)
and set λ =
∫ t0+ε
t0−ε
λ(t)dt. We may then neglect the
time evolution given by Hs and Hmd in the complete
Hamiltonian H = Hs +md +Hint. Using the Heisenberg
equations-of-motion for the momentum Pˆmd of the mea-
suring device (conjugate to the position Qˆmd), we see
that Pˆmd evolves according to
dPˆmd
dt = λ(t)Aˆ. Integrat-
ing this, we see that Pmd(T ) − Pmd(0) = λAˆ, where
Pmd(0) characterizes the initial state of the measuring
device and Pmd(T ) characterizes the final. To make a
more precise determination of Aˆ requires that the shift
in Pmd, i.e. δPmd = Pmd(T ) − Pmd(0), be distinguish-
able from it’s uncertainty, ∆Pmd. This occurs, e.g., if
Pmd(0) and Pmd(T ) are more precisely defined and/or if
λ is sufficiently large. However, under these conditions
(e.g. if the measuring device approaches a delta function
in Pmd), then the disturbance or back-reaction on the
system is increased due to a larger Hint, the result of the
larger ∆Qmd (∆Qmd ≥ 1∆Pmd ). When Aˆ is measured in
this way, then any operator Oˆ ([Aˆ, Oˆ] 6= 0) is disturbed
because it evolved according to ddt Oˆ = iλ(t)[Aˆ, Oˆ]Qˆmd,
2and since λ∆Qmd is not zero, Oˆ changes in an uncertain
way proportional to λ∆Qmd.
In the Schro¨dinger picture, the time evolution operator
for the complete system from t = t0 − ε to t = t0 + ε
is exp{−i ∫ t0+ε
t0−ε
H(t)dt} = exp{−iλQˆmdAˆ}. This shifts
Pmd. If before the measurement the system was in a
superposition of eigenstates of Aˆ, i.e. |Ψ〉 = Σici|ai〉,
then the initial product state, |Ψ〉|Φ〉, of the quantum and
pointer systems, is transformed during the measurement
process into the entangled state:
Σici|ai〉Φi(P )〉. (1)
with Φi(P ) the wave function of the measuring device,
i.e. the pointer, which had been shifted, via the von
Neumann interaction by the measured eigenvalue ai. In
other words, the measuring device will also be in a “su-
perposition” corresponding to the system. This leads to
the famous “quantum measurement problem,” discussed
in [2]. A conventional solution to this problem is to ar-
gue that because the measuring device is macroscopic,
it cannot be in a superposition, and so it will “collapse”
into one of these states and the system will collapse with
it. Without getting into physical theories as to how this
might happen, there is general agreement as to the math-
ematical description of the net effect of the collapse: it
converts the wave function of eq. (1) into a density ma-
trix:
ρ = Σ|ci|2|ai〉|Φi〉〈ai|〈Φi| (2)
i.e., into a statistical mixture of the various outcomes
where only one result is realized in any individual exper-
iment with probability |ci|2.
Let’s consider a practical example of such a measure-
ment of the spin of a particle using a measuring device
called a Stern-Gerlach apparatus. To measure the Sz
component of a spin-1/2 particle, we pass a beam of par-
ticles through a magnetic field that gives the particle a
kick in the direction perpendicular to the path of the
beam. The measurement is obtained by noting the verti-
cal position of the spot on the screen. In the ideal case,
only 2 spots can be seen, always aligned with the direc-
tion of the magnet.
Let’s be a bit more precise about these statements. For
this measurement, the Stern-Gerlach set-up will have a
magnetic field along the z axis. For a “hard” measure-
ment, Bz will need to have a significant gradient along the
same z axis B′ = dBz/dz. Let the initial wave function
of the incoming spin-1/2 particles with magnetic moment
µ be:
|Sx = 1/2〉 = 1√
2
{|Sz = 1/2〉+ |Sz = −1/2〉} (3)
The interaction H = ~µ ·B ∼ B′zσz couples σz , the quan-
tum spin operator, with the z coordinate of the atom car-
rying the spin and exp(iHt) (we use ~ = 1) shifts the mo-
mentum Pz of the atom serving here as a “pointer.” The
initial atomic beam moving along the x axis, say, splits
into an upward moving and downward moving beams
with Sz = 1/2 and Sz = −1/2, respectively. In other
words, application of the Schro¨dinger equation for the
Stern-Gerlach measurement produces the pure wavefunc-
tion:
1
2
{|Sz = 1/2〉|SPOTup〉+|Sz = −1/2〉|SPOTdown〉} (4)
for the combined particle and measuring device which is
just the spot on the photographic plate. However, for
an individual particle, we always see it only in the upper
spot or in the lower spot, i.e. the atoms in the two beams
eventually manifest via“counts” in the up and down por-
tions of the apparatus. To describe this mathematically,
von Neumann taught us to apply the reduction postulate.
That is, the wavefunction should be mixed, either
|Sz = 1/2〉|SPOTup〉 (5)
OR
|Sz = −1/2〉|SPOTdown〉 (6)
depending on the result of the measurement. However,
before the irreversible recording but after the splitting
of the beam into the downward and upward components
we could, in principle, reverse the process: refocusing
the two beams into one and by interference reproduce
the initial |Sx = +1/2〉 state. (A close analog of this is
routinely done with polarized photons.)
In summary, the outcomes have the following proper-
ties:
• It can only be a particular value, called the eigen-
value ai.
• A particular outcome ai appears at random, with
probability depending only on the initial state of
the measured system and is independent of the de-
tails of the measurement.
• The measurement leads to the (true or effective, de-
pending on one’s preferred interpretation) collapse
of the wave function of the measured system onto
another state, called the eigenstate |ai〉.
One naturally asks: “At what point does one stop de-
scribing the chain of measuring devices quantum mechan-
ically and describe it classically?” Nothing tells us where
to place the cut between these two incompatible descrip-
tions. This is the unsolved quantum measurement para-
dox.
Nevertheless, we know that at some stage of the mea-
surement process, an “imprint” is formed, say a grain
in the photographic plate exposed to the atoms as a
result of some ionization process. At this point, the
3upward and downward branches “decohere” and there-
fore can no longer interfere. The above description of
the “collapse” does not explain how (or possibly even
why) one particular branch is “picked out,” becoming
eventually the observed unique result of the experiment
with all other results and corresponding branches getting
“cut off.” Quantum mechanics and the linear Schro¨dinger
equation cannot address these questions.
Over the years, many “explanations” of the collapse
have been suggested, such as a stochastic interaction lo-
calized in configuration space, the GRW mechanism and
its generalizations by Pearle and others [3]. In the “many
worlds” interpretation, all possible results of all experi-
ments are realized but in different worlds. In this ap-
proach, a vast number of worlds are thereby generated
by every experiment planned or naturally occurring. At
every bifurcation point that the two worlds differ, by def-
inition, only by the position of one specific pointer. Sup-
pose subsequent experiments are performed at fixed time
intervals T . Then the number of universes will grow as
∼ 222 (operation repeated tT times). This growth rate
seems to be unacceptably high. Already, after just seven
steps, we have 210
80
universes. Assuming a momentum
space cutoff at m(Planck) ≈ 1019GeV , the number of
states in the Hilbert space of the entire observable Hub-
ble size universe will be exceeded in just eight steps!
In the following, we reconsider the issue of the collapse
in an indirect way. We suggest that basic physics pre-
vents even “gedanken” experiments where distinct “clas-
sical” pointer states interfere. We also elaborate on a re-
markable reverse, i.e. a classical-to-quantum, evolution.
We show that almost any initial semiclassical WKB state
which is subjected to multiple reflections quickly spreads
out into an extended delocalized quantum state and con-
tinuous repeated collapses are needed to maintain classi-
cality.
This conclusion, namely that to avoid complete quan-
tum “smearing,” we have to keep the system open and
constantly interacting with an external “environment,”
is of key importance. Simple environments that we will
briefly discuss seem to be unable to do the job. We show
that some minimal richness and complexity are required.
A bold and far reaching speculation (related to some ear-
lier work of one of us, A.C.) is that the classical limit
can be obtained only if the quantum system in question
is brought into contact with an environment which is a
heat bath.
As for the specific mechanism, if any, which picks out
the “correct” branch in each experiment, we only mention
the suggestion [6] [7] [8] [9] [10] that it can be provided
in the two-time formulation by specifying along with the
overall initial state of the whole universe another, final,
“Destiny” state.
The plan of the paper is as follows:
In section II, we address the impossibility of achieving
exact time reversal in a system with many degrees of
freedom. This is a particular example of the difficult
task of “aiming” an initial classical state so as to become
a specific final state.
In section III, we comment on the classical-to-quantum
transition in any non-separable closed system of n ≥ 2
degrees of freedom. Even if the system is initially in a
well defined WKB, semi-classical state, quantum evolu-
tion and, in particular, multiple reflections at classical
turning points make it completely quantum mechanical
with each particle smeared almost uniformly over all the
configuration space. The argument, which is presented
in the context of n hard discs, is quite general. Finally,
we briefly address more complex quantum systems with
many degrees of freedom and ask when can they provide
an appropriate environment to the above simpler systems
so that quantum spreading is avoided by continuously
leaving “imprints” in the environment. We also discuss
the possible connections with the pointer systems that
are needed in the quantum-to-classical “collapse” transi-
tions.
II. TIME REVERSAL TRANSFORMATION
AND PRECISE GUIDING IN GENERAL
The time-reversal transformation ri(t) → ri(t) and
pi(t) → −pi(t) is anti-canonical, reversing the sign of
the (pi, ri) Poisson bracket. The corresponding quan-
tum mechanical transformation is anti-unitary and can-
not be implemented by any Hamiltonian evolution U =
exp (−iHt) over all the Hilbert space. It is instruc-
tive to see how the following attempt to realize a time-
reversal actually fails. Consider a system of spin-less
charged particles, all with the same charge to mass ra-
tio: ei/mi = e/m = const, and moving in the x, y plane.
Let us turn on, for a short time δ(t), a strong transverse
magnetic field Bz such that wLarmor = eBz/(mc) =
pi
δ(t) .
This would appear to achieve time reversal. It reverses all
velocities by making each particle describe a semi circle
of radius ai = vi/(wLarmor). As Bz → ∞ the gyration
radiuses tend to zero and the coordinates remain fixed as
they should under a time-reversal transformation. How-
ever, the impulsive turning on and off of Bz induces huge
electric fields. Thus, let the system be inside a large circle
of radius R > |ri|. In order to reverse the momenta of all
particles at any location ri, let Bz be turned on over the
whole area. Faraday’s induction generates at a distance
r from the center, azimuthal E fields, Eφ ∼ rdBz/(dt),
which are much larger than B. While the induced E re-
verses sign between the turning on and turning off phase,
the particles momenta rotate in the interim so that the
coordinate shift due to the E field, which increases with
r, will not cancel and spoil the required time reversal
transformation.
In a quantum field theoretic framework, this difficulty
4reflects the fact that the transverse vector potential A
which yields B as its curl, and E ∼ dA/(dt) are canon-
ically conjugate. The impossibility of reversing a coor-
dinate without reversing also the corresponding canoni-
cally conjugate momentum manifests here for both the
charged particles and the electro-magnetic fields.
If we focus only on the spins of the spin-1/2 “elec-
trons,” an appropriate Bz field will indeed reverse σ(x)
and σ(y) (that is, the spin components in the plane).
It is the same as the above which reverses the ordinary
momenta/ angular momenta, if the gyromagnetic ratio
would have been g = 2 exactly. It will then fail to reverse
the commutator [σ(x), σ(y)] = iσ(z) which is clearly an-
other relevant operator.
Can we still achieve time reversal for one specific state?
The following suggests that even this is, in general, im-
possible for systems with a large number of degrees of
freedom. Classically, this is related to the second law
of thermodynamics, but it is also relevant to question
of the collapse. Specifically, if we apply this putative
time-reversal transformation in the context of the Stern-
Gerlach set-up to one particular state at the time where a
grain has already developed on the photographic plate in
the, say, upper section of the instrument, then it should
allow us to “undo” the collapse of this state. We show
that this task is impossible.
We next present the concrete model in the framework
of which most our discussions will be made. It is a closed
system ofN hard spheres or discs, of radius a and average
separation l, located inside a large reflecting sphere of
radius R = N1/3l or circle with R = N1/2l in the 3 or
2 dimensional cases respectively. The mean free path for
collisions (nt.σ)
−1 then is:
lmfp = 1/(nta
2) = l3/(a2) for d = 3, orl2/a for d = 2
(7)
where the number density of targets nt is ∼ l−3 and l−2
in the 3− and 2− d cases.
The basic question posed is:
“Can we fix at time t=0 the locations and
velocities ri(0) and vi(0) with sufficient accu-
racy so that after time T , all the N coordi-
nates ri(T ) are within small errors ǫi → 0 at
pre-destined ‘goals’ rgi ?”
The following question then arises: suppose we try to
interfere the two branches of the Stern Gerlach experi-
ment after the spin carrying particle caused a grain to
develop. We then need (at least) to translate via some
evolution Hamiltonian over a time T , the section of the
upper half of the apparatus around the putative grain
to the symmetric down part of the apparatus with its
putative grain. Furthermore, each molecule, atom etc.
in one branch should precisely overlap the corresponding
molecule, atom etc in the other. Otherwise, Φdown(Q),
the down pointer and exp{iHT}Φup(Q) the translated
up pointer, become orthogonal and will not interfere.
The complexity of the grain embedded in the up/down
parts of the apparatus prevents us from meaningfully ad-
dressing this problem. Hence we use the simpler model
system of N hard balls/discs. The initial state of the
N objects with centers at (ri(0)); i = 1, 2...N represents
the pointer state |Pu〉 of the “up branch” in our idealized
Stern-Gerlach type experiment. Likewise, a different set
of ball locations rgi ; i = 1, 2...N clustered at some dis-
tance L away from the first set, represents the pointer
state of the down branch, |Pd〉. In order to obtain opti-
mal interference between this N ball state |Pd〉 and the
state |P ′u〉 = exp(iHT )|Pu〉 obtained by shifting the orig-
inal up grain state, we need to have the following con-
dition: 〈P ′u|Pd〉 = 1. Neglecting correlations, this is the
product of overlaps of the N parts:
〈P ′u|Pd〉 ∼ 〈1|1′〉〈2|2′〉...〈N |N ′〉 ∼
∼ (1− δ)N = exp(−Nδ) (8)
Hence we need that each of the final ri(T ) will be close
to the desired “goal” location rgi to within a fraction
δ = 1/N of the average distance between the balls. The
center of each ball is represented by a wave packet of ef-
fective size which can be as small as λ = h/(mv). The
condition for interference then becomes:
|ri(T )− rgi | ≤ δλ ≤ λ/N (9)
where λ can be many orders of magnitude smaller than
the classical counterpart which is the actual experimental
uncertainty of the locations of the balls.
It is amusing to note that the last condition is invari-
ant under the following “scaling” operation. Instead of
N balls (discs), consider N ′ = N/k “super-balls/discs”
each consisting of k of the original balls/discs. The k
fold increase of the masses and corresponding decrease
of the de-Broglie wavelength matches the decrease in the
number of balls/ discs - yielding the same condition.
Such a precise guiding of the N particles by fine-tuning
the velocities is impossible in either the semi-classical
case (discussed in this section) or in the fully quantum
cases addressed in the next section. This impossibility
traces back to the classically chaotic behavior of generic
systems and our 2−d billiards in particular. Thus, let us
assume that an “error”, i.e. a deviation from the “cor-
rect” classical path occurred for one of the discs Di. Af-
ter suffering (n− 1) collisions, it should have entered the
nth collision with impact parameter b
0(i)
n , relative to the
center of the other disc, but bin = b
0(i) ± δbin. This de-
viation involves errors in the locations of the centers of
both discs. In a simplified, conservative estimate of the
accumulating errors in successive collisions, we “freeze”
5N-1 discs allowing only one active disc Di = D to bounce
between them. Similar errors obtain when all N discs are
moving.
Tracing the path of the“active” disc D, we see that
the shift, δbn, causes a change in the direction of D as it
recoils after the collision by:
δθn ∼ (δbn)/a (10)
The disc then travels a distance of |rn+1 − rn| ∼ lmfp
before encountering the pre-designated partner in the
next (n+1)th collision. Hence, at the time of this col-
lision, the shift, or error, in the impact parameter will
become:
δbn+1 ∼ δθn|rn+1− rn| ∼ δbn lmfp/a = (l/a)2 · δbn (11)
where we used the m.f.p of eq.7 for collision in 2−d. Thus
the errors keep amplifying by an enhancement factor c =
(l/a)2 at each collision (and by an enhancement factor of
c = (l/a)3 in the three dimensional case).
The exponential increase with n of δbn with a positive
(and large!) Liapunov exponent (2 − 3)log(l/a) means
that our system and most multi-component classical sys-
tems are “chaotic”: the path of any particle, and of the
full system, is sensitive to tiny changes in the initial con-
ditions. This is closely related to the issue of irreversibil-
ity and the second law of thermodynamics.
A famous example involves a “gas” of, say, 2− d hard
discs, initially confined to some part of a given domain
(e.g. a billiard table). By removing a partition, it is
allowed to “expand,” and, in a time T , it fill up the whole
area. To implement a time reversal transformation, we
need to reverse at time T all the velocities so that the
system retraces its evolution back via multiple collisions
and all discs reconvene at time 2T to the original smaller
region. It has been suggested [4], that if one were to fail
to reverse the velocity of even just one among the many
N discs, then this would suffice to destroy the specific
pattern of collisions required to implement a time reversal
transformation.
The case of interest here in which we have small errors,
δri(0) and δvi(0), in the initial locations and velocities
of all the discs is more readily analyzed. As seen above,
these errors are exponentially amplified proportional to
cn with c≫ 1 and n the average number of collisions suf-
fered by any disc among the N discs in our system. Once
the uncertainty in the impact parameter exceeds 2a, with
a the radius of the discs, the discs will start missing al-
together the ‘partners’ that they were “designated” to
collide with. As a consequence, the evolution will drasti-
cally change. Hence, there will be no ‘re-gathering’ of all
the discs or the molecules of an ideal gas in the smaller
region.
For the case of colliding hard discs, these difficulties
are very concrete. Let us denote by ncrit the number
of collisions that need to happen before the“missing of
partners” and therefore the setting in of complete chaos.
We will argue that k, the actual number of collisions
expected during the expansion into the larger domain
(or in the time reversed case during the retraction to the
smaller domain) does exceed ncrit thereby prempting the
putative time-reversal and violation of the second law.
Let v be the average rms velocity of the
discs/molecules. The time T required for the gas
to expand into the larger enclosure is then at least R/v
and
k ∼ Tv
lmfp
>
∼
R
lmfp
. (12)
Collisions will then be suffered during this time by any
molecule/disc.
After this minimal time, the motion of the gas is still
quite ordered and the relevant actual equilibration time,
T , is in fact much longer. Thus, let the initial and fi-
nal enclosures be concentric circles of radia R/2 and R
respectively. After the inner ring is removed, spherical
( circular) pressure waves propagate outwards with the
velocity of sound, vsound ∼ v/(21/2), arriving at R after
a time ∼ T . Since the mean free path for collisions is
much shorter than R, then the molecules in concentric
shells within the small circle map into corresponding but
doubled in size concentric shells in the larger enclosure
with the radial ordering of the different shells preserved.
To get a truly mixed states manifesting classical irre-
versibility more strongly, we need a much longer time and
therefore many more collisions will ensue. If we ask that
each individual disc diffuse through the system by a ran-
dom walk, then we have k = (R/(lmfp))
2. We expect the
actual k to be intermediate between this and the linear
k = R/lmfp lower bound value. For fixed number density
of discs ∼ l−2, R increases as N1/2 and hence, k scales
as N1/2 or as N respectively.
To avoid “missing partners” after k collisions, we need
that ckδb0 < a. Using the enhancement factor c = (l/a)
2,
this then implies that ( la )
−2k ≥ δb0. With k and ( la )2 of
order a hundred, this requires incredible precision and
therefore small δb0 ≤ 10−200a. This is classically im-
practical and quantum mechanically outright impossible.
Such fine tunings of the positions of all discs requires, by
the uncertainty principle, huge momentums and energies,
which in the presence of gravity, will cause the system to
collapse into a black hole.
III. THE CLASSICAL TO QUANTUM
DIFFUSION OF CLASSICALLY CHAOTIC
SYSTEMS
We have argued above that quantum uncertainty
thwarts efforts to achieve time reversal in any system
6with a large number of degrees of freedom. Yet the argu-
ment we presented in §II was incomplete and potentially
inconsistent. It treated the time evolution of the N discs
in our model system classically and quantum mechanics
manifested only via our inability to fix the initial condi-
tions with the accuracy required. We address this in this
section and show that the situation is no better using a
completely quantum mechanical treatment. We do this
by studying the quantum mechanical evolution of the sys-
tem ofN hard discs with (the center) of each disc starting
out in narrow Gaussian WKB wave packet. We find that
closed systems which are classically chaotic, completely
lose their classical nature, after a moderate number of
“periods” (or average number of collisons of each disc).
Consequently, the center of each disc spreads out over
the whole volume of the system.
We show that the wave function of a particle (repre-
senting the center of our mobile disc D ) spreads upon
reflection from the other discs according to classical ex-
pectations. Specifically, we can follow two extreme rays
at the edges of the wave packet enclosing most of the
norm of the impinging wave. These two rays then re-
flect via Snell’s law and continue to describe the edges
of the system at later times. This leads to an exponen-
tial increase of the transverse, x space, width of the wave
function which we denote by ∆. We require that our
initial wave packets satisfy:
λ << ∆(t = 0) << a (13)
and we demand that ∆(t = 0 >> λ ∼ 1/p with p =
Mv the momentum in order that the uncertainty in the
transverse momentum be far smaller than the momentum
of the disc. Finally, we also require that the ordinary
diffusive broadening of the Gaussian packet during the
travel between subsequent collisions be small compared
with ∆, leading to:
δ∆2 ∼ t/M ∼ lmfp/p0 << ∆2 (14)
with p0 the central momentum of the wave packet in
momentum space of width:
∆p ∼ 1/∆0 (15)
If after n collisions, the transverse (configuration
space) width of the wave packet grows to ∆n ∼ a, then
we cannot be sure if the disc will indeed collide in the
n + 1th’ step with the “designated disc” on the classi-
cal trajectory. Rather, we will only be able to assign
probability amplitudes for this or any other collision to
occur. The wave function becomes a complicated path
integral over all histories of (potentially correlated) col-
lisions. Any prospect of controlling or guiding such a
system is clearly lost at this point.
As in the previous section, we first consider one point
mass moving in a background of N − 1 stationary discs
(the effective hard core radius is now 2a, but still referred
to as a). The initial wave packet is a Gaussian of width
∆0 in both the x and y direction. It moves along the
x axis and eventually collides with the first disc (which
for convenience we center at the origin) with an impact
parameter b ± ∆0. The corresponding angular location
of the collision on the rim of this disc is therefore:
φ0 = arcsin(b/a) (16)
and angular width
∆φ0 ∼ ∆0/a. (17)
Since we assumed that ∆0 << a and a << l with l the
average disc separation, the collisions with any given disc
are independent and can be treated exactly. Using the
partial wave ,exp(imφ) Fourier decomposition approri-
ate for the 2 − d geometry, the exact phase shifts upon
scattering from the hard disc are found to be:
δm(p0) = arctan(Jm(p0a)/Nm(p0a)) (18)
The asymptotic behavior of the above Bessel (and Neu-
mann) functions in the relevant limit of jointly large in-
dex and argument implies that the incoming wave packet
is reflected according to Snell’s law. The nontrivial as-
pect which underlies the subsequent discussion, is that
also the incident “limiting rays,” impacting at b0 ± ∆0,
also reflect according to Snell’s law.
This is indeed expected since our packet consists of
many waves and we could apply the above snell reflec-
tion to each one separately. Stating it differently, we can
locally use in each region the Huygens construction to
build the reflected waves. It then follows that the initial
square Gaussian packet becomes upon reflection a wave
packet in r, the radial coordinate measured relative to
the center of the reflecting disc (the origin by assumption
here) of width ∆r = ∆0, and in the angle φ with width
∆φ given by eq. (16) above. Simple geometry then im-
plies that upon further propagation, this wedge-like wave
packet, maintains its angular opening ∆φ and broadens
in the transverse direction. Thus, by the time our wave
packet collides with the next disc, at an average distance
r ∼ lmfp away, the transverse width and corresponding
impact parameter and angular uncertainties will be am-
plified just like the errors in the classical case discussed
at length in the previous section:
∆1 ∼ ∆b1 ∼ c ·∆0 (19)
∆φ1 ∼ ∆b1/a ∼ c ·∆φ0 (20)
with b1 and φ1 measured relative to the second disc and
the enhancement factor c given by:
c = lmfp/a≫ 1 (21)
7We can repeat the above getting further spatial and
angular broadening so that after n collisions:
∆n ∼ cn∆0. (22)
After a relatively small number of collisions
n ∼ ln(a/(∆0)/(ln c) (23)
We find ∆n ∼ a indicating the onset of genuinely quan-
tum mechanical evolution and loss of the initial WKB
wave packets.
One may worry that the WKB approximation is in-
appropriate for the case of infinitely hard discs as the
“h” expansion around classical paths utilizing the Wigner
function and Moyal brackets involves derivatives of the
potential and such systematic expansions break down.
However, we have solved the scattering problem exactly
and do not need such expansions here.
Our concrete result and more general arguments sug-
gest that the catastrophic spreading of the WKB wave
function is a general and universal feature. The amplifi-
cation factor evaluated more carefully, 2r0γ/(a
2− b2)1/2,
can be written in the following suggestive form:
c =
r0γh
p0
∆2δ(p, b)/∆b2 ∼ r0γ
p0
2∆2 Sc(p0, b) (24)
with Sc(p0, b) the classical action of the trajectory with
( central) momentum p0 and impact parameter b and
δ(p, b) the corresponding phaseshift for angular momen-
tum n = p0b.
We note that the broadening of the wave packet in
directions perpendicular to that of the reflection is ex-
pected. In general, the WKB approximation is vulnera-
ble around the (classical) turning points where px, say,
→ 0 and the particle (which now is also a wave of very
large wave length!) “hovers” around there for a long
time. If the motion is one dimensional, the WKB wave
function simply accumulates an extra π/4 phase due to
the Airy function interpolation [5]. However transverse
motion can be strongly affected.
In the general, multi-disc situation, the particular disc
D that we focused on does not move all by itself. Each
time it reflects from some other disc Di, it leaves an
“imprint” in the other recoiling disc. All these entan-
glements are however artifacts of separating the motion
of one or a few of the discs and cannot save the closed
system from the catastrophic quantum spreading. We
should also consider the wave function Ψ(r1, r2, ..rN ; t)
representing all the N discs and which depends on the
2N(xi, yi) i = (1, .., N) coordinates. To start with, at
t = 0,Ψ factorizes into N well defined WKB wave pack-
ets. The time evolution with many collisions does not
only make Ψ(r1, r2..rN ;T ) with T >> R/v more com-
plex. Rather the probability of finding any disc at a
location ri is completely smeared out and no longer con-
centrated around the classical path on the N particle
system.
It should be emphasized that despite the superficial
similarity, the quantum smearing is very different from
the chaotic behavior of the corresponding classical N -
disc system. They are similar in that in both cases we
do not know where any one of the discs is located after
some time T (the time over which each disc suffered the
required critical number of reflections). However, while
classically it is “just” an issue of our inability to carry-
out calculations with infinite precision, in the quantum
system, we cannot know the locations even in principle,
regardless of the computational resources available.
It is instructive to point out a gedanken experiment
which can distinguish the two situations. Let us probe
the system at time T by sending in an intense lazer beam
in the transverse z-direction (with a wavelengt which is
larger than l, the average separation between the discs,
and smaller than R the size of the entire system). Also,
the duration of the pulse is shorter than the relatively
long time l/v which it takes the slow Discs to travel be-
tween successive collisions. The resulting diffraction pic-
ture in the quantum case will correspond to a homoge-
neously distributed matter whereas in the classical case,
it will reveal the instantaneous locations of all the N
discs, albeit in a blurred fashion.
Since all the above aspects are generic, we do not be-
lieve that the spreading can be avoided by any further
additional reflectors or potentials and/or even the appli-
cations of a time dependent potential.
This quick destruction of semi-classical behavior of any
closed system with initial quasi-classical WKB states is
more then another obstacle impeding the goal of undoing
the collapse. We know that classical systems, chaotic or
not, do remain classical. We therefore must have some
mechanisms for ensuring this, which in effect may neces-
sarilly involve many “mini-collapses!”
It is even more amusing to note that the above men-
tioned quantum smearing does not happen in systems
with one degree of freedom. Likewise it should not hap-
pen when, by an appropriate canonical transformation
the system can be separated into N + N action-angle
variables. Such exactly solveable systems would main-
tain the original well-defined narrow WKB form. Only
very few systems, such as those with harmonic interac-
tions, are of this kind. We note that certain statisti-
cal mechanics and field theoretic systems (with infinitely
many degrees of freedom) are solvable though generally
only in 1 + 1 dimensions. Could it be that at some fun-
damental level, when formulated in terms of some new
magical degrees of freedom, most systems not only have
a simple Lagrangian like that of QCD, say, but are also
8exactly solvable? If this was the only way out of our
quantum spreading dilemma, then searches for exactly
solvable models would gain motivation far beyond what
they enjoy at present. We note that, most likely, quan-
tum broadening can be avoided in more mundane ways.
IV. SUMMARY AND CONCLUSIONS
Aspects of the material discussed above is not really
new and is “well known to those who know it well.” In-
deed wave function broadening and complete quantum
smearing after a short period of time of chaotic astro-
nomical systems, such as Hyperion, Saturn’s asymmetric
moon, has been claimed to arise in numerical simmula-
tions, if the astronomcal system was completely closed.
Still, having the phenomenon illustrated in the present
simpler context may be useful. [11] How is this evaded
in the real world? The standard (and correct answer)
results from the fact that actual systems are open and
their evolution often leaves marks in the environment.
This thereby stops the quantum spreading. Still it would
be nice to have concrete examples as to how this is being
achieved.
In trying to address this, we have studied the follow-
ing “natural” environment: let us replace our 2− d hard
discs of size a by an infinitely thin yet equal mass ring of
the same radius. Rather than having just the 2N(xi; yi)
degrees of freedom associated with the N centers of the
rings, we now also have the N - fold tensor products of the
Hilbert spaces of N closed strings, with each one associ-
ated with one of the N rings. Whenever two rings collide,
the event is “recorded” via the elastic phonons emitted
from the point of contact at the time of the collision. We
suspect however that notwithstanding the extreme rich-
ness of our system which even for one Disc is that of a
closed string with its infinitely many modes, this will not
evade the eventual quantum broadening. The point is
that we do not really leave an irreversible mark as in the
dissipative case. The elastic wave may converge again
at some point and kick the colliding rings back so that
the information is not erased and we simply have just a
much bigger and more complex system. It may be that
the key is to have a very dense set of energy levels as in
generic macroscopic systems so that the times for recur-
rences of the above types are infinitely long. It also may
be that we need a genuine thermodynamic heat bath and
dissipation. Clearly further research is needed here.
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